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Abstract: In this paper, we present a new modelling method to create 3D models. First, characteristic
cross section curves are generated and approximated by generalized elliptic curves. Then, a vector-
valued sixth-order partial differential equation is proposed, and its closed form solution is derived to
create PDE surface patches from cross section curves where two adjacent PDE-surface patches are
automatically stitched together. With the approach presented in this paper, C> continuity between
adjacent surface patches is well-maintained. Since surface creation of the model is transformed into
the generation of cross sectional curves and few undetermined constants are required to describe cross
sectional curves accurately, the proposed approach can save manual operations, reduce information
storage, and generate 3D models quickly.

Keywords: 3D modelling; generalized elliptic curves; C? continuity; PDE-based surface generation;
sixth-order PDE; analytical mathematical expressions

1. Introduction

3D modelling is an important and widely used step in the production pipeline for film
and game industries. Using partial differential equation (PDE) surface patches to create 3D
models has the advantages of representing complicated polygon models with fewer design
variables and automatically achieving required continuity to avoid manual operations
to stitch two adjacent surface patches together. Owing to their analytical mathematical
expressions, this approach can also facilitate other applications such as levels of detail for
multi-resolution models and deep learning-based tasks for reducing processing time.

In this paper, we use this partial differential equation method to create C? continuous
3D models from generalized elliptic curves. In order to generate a complicated 3D model,
first we create a set of cross section curves. Each of the cross-section curves is approximated
by a generalized elliptic curve whose analytical mathematical expression is in the form of a
Fouier series. With the help of the analytical mathematical expression of generalized elliptic
curves, a very complicated cross section curve can be defined with fewer design variables,
which decreases information storage, speeds up network transmission, and facilitates
consequent geometric processing. The design variables involved in generalized elliptic
curves are used as the input of C? continuous PDE surface creation, which is based on the
accurate closed form solution to a vector-valued sixth-order PDE. All created PDE surface
patches are automatically connected together to obtain a C? continuous 3D model. Since
all the undetermined constants in the closed form solution are determined by the design
variables involved in the analytical mathematical expression of generalized elliptic curves,
the proposed PDE-based modelling method also has the advantage of few design variables.
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The remaining parts of this paper are organized as follows: In Section 2, we review
the related work in the area. Then, an overview of the algorithm is given in Section 3. It
consists of two steps: curve fitting and the creation of C? continuous PDE surfaces. A
number of examples and results are given in Section 4. Conclusions and future work are
discussed in Section 5.

2. Related Work

There are many different approaches for 3D modeling (see Figure 1). Roughly speaking,
they can be classified as pure-geometric modeling and physics-based modeling techniques.
Traditional pure-geometric modeling methods such as polygon modeling [1], NURBS
modelling [2,3] modeling and subdivision modeling [4] are widely used in commercial
graphics packages. Polygon modeling and subdivision modeling approaches can generate
detailed or branching models; they are suitable for linear shapes and rigid objects. However,
it is hard to use a small number of polygons to accurately represent smooth surfaces. On
the other hand, NURBS modeling could use a few control points to create smooth curved
objects. The disadvantage is the continuity problem between different patches, which
typically require a lot of manual work to stitch adjacent patches together.

| Types Methods Features Pros Cons I

Polygon Modeling —>| Flatand straight lines |— Short render time More storage data

- NURBS Modeling — Curves and splines — Small file size Continuity problem :

Subdivision Modeling —> Position data and vertices | —> E Scalable detail Lack of continuity E

Digital 3D _ P . B
Modeling | | PDE Modeling ;—)I Parametric Value I% Realistic, continuous Difficult to solve

Methods

| Finite Element Method )—)l Multi-physics analysis | § Adaptability, accuracy | Large data required ;

Physics- : :
- based G | Meshless Method }—)l Point Cloud Based I% i Simple to employ | Inaccurate/ Unstable }
Modeling : :

| Mass-Spring )—)l Modeling elasticity |9 Cloth, hair simulation

Limitations of

modeling objects E

= | Coupled Particle )—)l Particles and fluid |% E Fluid flow simulation
H

Figure 1. Comparison of different digital 3D modeling methods.

Physics-based modeling [5] considers the basic physics of surface deformation. Com-
pared with polygon modeling and NURBS modeling, it has the ability to create a more
realistic look. Physics-based modeling methods include finite element method [6], finite
difference method [7], finite volume method [8], mass-spring systems [9], the meshless
method [10], coupled particle systems [11] and simplified deformation models for modal
analysis [12].

PDE geometric modeling was pioneered by Bloor and Wilson [13] in computer graphics
three decades ago. Since then, PDE methods have been developed to tackle various
geometric modeling problems, such as surface modeling [14,15], surface design [16], and
solid modeling [17], and are used to represent high-speed train head models [18] and
optimize aerodynamic performance of high speed train heads [19]. One major advantage is
that the differential operator of PDE can generate smooth surfaces [18]. Another advantage
of using the PDE approach is that PDE surfaces can be generated by intuitive manipulation
of the relatively small set of boundary conditions for PDE [20]; it can transform geometric
modeling problems into boundary value PDE problems. Therefore, the PDE modeling
method can obtain continuous smooth surfaces without manual work to stitch adjacent
patches together.

Elliptic cross sections have been used in sweeping surfaces to describe human shapes [21].
Surface generation from cross-sections is used in many applications, especially in medical
visualization. Some illustrative examples include human body 3D visualization with 2D
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computed tomography (CT) slices [22] or magnetic resonance imaging (MRI) data [23].
Different methods have been developed to reconstruct 3D models or surfaces from cross
sections or point clouds [24-27]. A method for modeling and deforming the human arm
and leg by using cross section ellipses and displacement diagrams is proposed in [28]. An-
other method dealing with curve networks of arbitrary shape and arbitrary topology with
arbitrary direction about non-parallel cross sections is reported in [29]. Barton et al. [30]
presented an approach to detect if a surface can be represented by the sweeping of a pla-
nar profile or not. It shows applications in functional architectural design. Kovacs and
Varady [31] proposed an algorithm to detect and reconstruct the profile curves from the
property that they are principal curvature lines. Barton et al. [32] studied the evolution of
an arc spline curve which constitutes an effective discretization of smooth curves.Recently
an analytical mathematical representation of cross section curves including generalized
ellipses, generalized elliptic curves and composite generalized elliptic segments was pro-
posed, and surfaces were reconstructed from the curves in [33].

3. Algorithm Overview

Figure 2 shows the overall algorithm of our proposed approach. It consists of two
steps: curve fitting and the creation of C? continuous PDE surfaces.

Before curve fitting, cross section curves of 3D models are created. Four different
methods can be used to generate cross section curves. The first method is to manually draw
cross section curves by artists or modelers. The second method is to extract the contour of
computed tomography slices. The third method is to slice 3D surface models and obtain
2D cross section curves. And the last method is to reconstruct cross section curves from
point clouds.

Input Qutput

Lo =3
LoE@ed - .R.=

+ + CrTY

Assemlz;le ¢

Curves Reconstruction PDE Surfaces Creation
Input - (n) Input - (u, v)

Curves Mathematical Model Surface >

Figure 2. Overall proposed algorithm.

In the first step, i.e., curve fitting, we use generalized elliptic curves to approximate
and reconstruct each of the cross section curves. Then these cross section curves are changed
into an analytical mathematical expression with few undetermined constants. We call it a
generalized elliptic curve. Through this simple procedure, we can get some smooth curves
as well as achieve an adequate trade-off between the approximation errors and the amount
of data required to approximate cross section curves. It works well on complicated curve-
based models with smooth cross-sections. In other words, the ground truth closed curves
are defined by few coefficients involved in the mathematical expression of generalized
elliptic curves, which will be used in the following processes.
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In the second step, C? continuous PDE surface patches are constructed from gener-
alized elliptic curves obtained in the previous step. A vector-valued sixth-order partial
differential equation is proposed for this purpose and an accurate closed form solution is
obtained from the vector-valued sixth-order partial differential equation, which is used to
interpolate the generalized elliptic curves. The interpolation operation generates a PDE
surface patch. Since two adjacent PDE surface patches share three same cross section
curves or share the same curve, first partial derivatives, and the second partial deriva-
tives on their joint boundary, C? continuity between two adjacent PDE surface patches is
naturally achieved.

3.1. Curve Fitting

Figure 3 shows the first step of the algorithm. In the figure, the ground truth curves
are highlighted in blue, the generalized elliptic curves defined by Equation (1) below are
in red, and 7 indicates the number of Fourier series terms in Equation (1). First, we use
the cross-section curves of a 3D model as input. For each ground truth cross-section curve
(blue), we use a generalized elliptic curve (red) to fit it. The mathematical expression of
generalized elliptic curves is given in Equation (1). In doing so, the ground truth curves
are now defined by the few coefficients involved in the mathematical expression of the
generalized elliptic curves.
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Figure 3. Curve fitting example. The ground truth curves are shown in blue and fitted generalized
elliptic curves are in red.

The figure above shows that the blue ground truth curves are approximated by the
red generalized elliptic curves very well and the errors between them are very small. When
n = 1, large differences between the ground truth curves and the generalized elliptic
curves can be seen. When 7 increases, the differences become smaller and smaller. When
n = 10, visiable differences between the ground truth curves and the generalized elliptic
curves disappear.

Good fitting accuracy is also demonstrated by the data given in Table 1. Whenn =1,
the average and maximum errors are 0.044169 and 0.065371, respectively. When # is raised
to 7, they are reduced to 0.001767 and 0.005312, which are small. When the terms are
further increased, the errors will be reduced further. They indicate that by using different
terms in Equation (1), the fitting accuracy can be controlled and ground truth curves can be
approximated accurately by generalized elliptic curves.
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Table 1. Errors of curve fitting.
n 1 3 5 7 10
ErM 0.065371 0.040636 0.010601 0.005312 0.002534
ErA 0.044169 0.012367 0.007068 0.001767 0.000883

Because there are no sharp points in organic shapes like a human body, through this
process we can get smooth curves and eliminate input sharp points if they exist. By doing
so, we can also fix errors in an artist’s drawn models and improve the final results. The
mathematical expression of generalized elliptic curves can be written as

x(v) = ay + Z,I;I:l(ﬂxncosnv + bypsinno)
y(v) = ayo + Z,Ijzl (aynsinnv + byncosnv) 1)
z(v) = z¢

where 0 < v < 27, 4y, and ay, (n=0,1, 2,3, -, N) are undetermined constants, which
are determined by using Equation (1) to fit cross section curves represented with discrete
points. As shown in Equation (1), the parameter N could be set to different numbers in
order to get different resolutions and degree of approximation.

3.2. Creation of C? Continuous PDE Surfaces

According to [32], “there is no restriction upon the type and order of the PDE to be
solved” and “elliptic PDEs have been chosen to develop this technique since this kind of
PDE is regarded as an averaging process throughout the entire surface”. In this paper, an
elliptic PDE will be introduced to develop a 3D modelling method.

When a C? continuous PDE surface patch is created from known boundary conditions
on two boundaries, it should satisfy the position functions and the first and second partial
derivatives on the two boundaries. Therefore, there are six boundary conditions in total.
It is known that the closed form solution of a sixth-order partial differential equation
involves six undetermined constants which can be used to exactly satisfy the six boundary
conditions. Therefore, in order to achieve C? continuity between two adjacent PDE surface
patches, the following vector-value sixth-order partial differential equation is proposed to
define PDE surface patches:

w w __
a6 T %56 =0

(w=x,y 2z a#0)

According to the above Equation (1), the solution to the partial differential Equation (2)
can be taken to be:

@

x(u,v) = Axo(u) + ZnN:1 [Axn (1) cosnv 4 By (u)sinno] 3)
y(u,v) = Ap(u) + ZnN:1 [Ayu(u)sinno + By, (u)cosnv] 4)
z(u,v) = Azo(u) ()

In the above Equations (3)-(5), the undetermined functions A (u) (w = x, y, z) and
Awn(u)and By (1) (w=x,y, zz n=1,2,3, ..., N) are derived in Appendix A, which
can be written as Equations (6), (7), and (8) below, respectively.

_ 2 3 4 5
Ao (1) = a0, + Awo,1U + Ao pU” + A0 3U° + Apoalt™ + Ay 5U

(6)

(w=x,y, z)
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Fora > 0,
Awn(”) = (“wn,O + apnau + awn,Zuz)eqonu + (awn,3 + aypat + awn,Suz)equ"u
Bun (1) = (buwn,0 + buwn1 + bwn,2u2)eq0"u + (bwn,3 + bunau + bwn,Suz)equ"u (7)
(w=x,y;n=1,2,...,N)
Fora <0,
Apn (1) = Ayn,00052q2,U + gy 15112G201 + Agpy 26711 COSG2p U + Aypn 3710 SING 2, 1
Faynae” Tt cosqouut + Ay, se” N singo,u
Bun (1) = bun,00052G2, 1 + by 15in2G2n1 + bypy 267" cOSG2, 1 + by 3Tt singo, u (8)
+byn a6 T4 cosqontt + by 56~ T singo, u
(w=x,y,n=1,2,...,N)

In what follows, we use the solution for the case a < 0, i.e., Equations (3)-(5) whose
undetermined functions are determined by Equations (6) and (8), to reconstruct 3D shapes
consisting of C2 continuous PDE surface patches.

Twelve curves shown in Figure 3 are used to demonstrate how to reconstruct three PDE
surface patches with C? continuity. The mathematical equations for 12 curves C; — Cy, are:

xCi(v) = 1155 + ZnNzl(aS,ﬁcosnv + bgi,sinnv)
yCi(v) = a% + TN (aShsinno + bgicosno) .
)

zCi(v) = zgi
(i=1,234,...,12)

As shown in Figure 4, the six curves C4 — Cy are used to construct the first PDE surface
patch (Patch 1). Then, two different methods are used to construct PDE surface patch 2 and
patch 3 with C? continuity. For curve Cy, u = 0 of Patch 1 is the same as u = 1 of Patch 2.
Similarly, for curve Co, u = 1 of Patch 1 is the same as u = 0 of Patch 3. Curve C; is at
u = 0 of Patch 2 and Cj5 is at u = 1 of Patch 3.

The first method uses the six curves C; — Cg to construct the PDE surface patch 1,
the curves C; — Cg to construct the PDE surface patch 2, and the six curves C; — Cy; to
construct the PDE surface patch 3. With this construction method, the patch 1 and patch 2
at the curve C4 and the patch 1 and patch 3 at the curve Cg achieve up to C? continuity.

The second method calculates the first and second partial derivatives of the PDE
surface patch 1 at the curves C4 and Co, and use the curves C; — C4 and the first and second
partial derivatives of the PDE surface patch 1 at the curves C4 to construct the PDE surface
patch 2, and the curves Cy — Cj, and the first and second partial derivatives of the PDE
surface patch 1 at the curves Cg to construct the PDE surface patch 3. With this construction
method, the patch 1 and patch 2 at the curve C4 and the patch 1 and patch 3 at the curve
Cy also achieve C? continuity. The first partial derivatives can be obtained below from
Equations (6) and (8).
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Input
e I — Eh o — B

Figure 4. Surface creation example. The six curves C4 — Cg (red) are used to construct the PDE
surface patch 1.

aA‘(—‘,’Z(”) = ay0,1 + 240021 + 3ay03U% + 4ay041> + Sagosut .
(w=x,y,z)
aAzaUZ(u) = —204,09215112G2, 1 + 2100,122COS2G 0 1
+awn2(qineTnt cosqontt — goyeTinsingy,u)
+awn,3(6l1n€ql"usin@nu + qzneqlnucosqznu)
—awn,4(b71n€_ql“”COSQ2nu + q2ne_q1"u5inlhnu)
+awn,5(—q1ne” T singonu + gape” Tt cosqanut)
Bunlt) = 202051202010 + 2bron1924C0SG 21 (11)

+bepn 2 (1067 COSG2 U — GoneTint singo,ut)
+bwn,3(q1neqlnu51nq2nu + Q2n€‘h"”COS¢72nM)
_bwn,4 (%ne_‘“"”coslhnu + ‘72ne_q1"u5inq2n”)
+byns5(—grne” Tntsingou + qoye” " cosqo, )
(w=x,y,n=1,2,...,N)

And the second partial derivatives can be derived from the above Equations (10) and (11)
and have the forms below

32%%@ = 2aw0,2 + 6aw0,3u + 12ﬂw0,41/12 + 20aw0,5u3 (12)

(w=x,y,z)
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02 Ay (1)

= —4awn,0q%nc052q2nu — 4awn,lq%nsin2q2nu+

awnlz(q%neqln"cosqhu — 2410 o€t singonu — q%neqlnucoqunu)—l-
awn,g,(q%neql"”sinqz”u + 2q1q2neTn cosqo,u — q%neqln"sinqz,lu)+
awn,4(q%neiq1”u005‘12nu + 2q1nq2ne” T singo, u — q%neiqlnucosqﬂlu)"'
awn15(q%ne”41"”sinq2nu — 2q1n92ne " T cosgo,u — q%ne"h"”sz’nqhu)
82387”% = —4byn,0q3,0052q2n 1 — 4byy 195,5i12q2, U+ (13)
bwn’z(q%neqln”cosqznu — 2g1pgoneMntsingp,u — q%neqlnucosqmu)—l—
bwnlg,(q%neql"”sinqz”u + 291,q2neM" cosgonu — q%neq1'1“sinq2nu)+
bwn,4(q%ne"71"“cosq2nu + 2g1,q2ne " Tt singo, u — q%ne’%"”cosqznu)#—
ban,5(q3,e~ Tt singoyu — 2q1Gone” TV cosqanu — g3,e " singo, 1)
(w=x,y;n=1,2,...,N)

Substituting # = 0 into Equations (10)—(13), we obtain the first and second partial
derivatives of the PDE surface patch 2 at u = 1. They together with the curves C; — C4 are
used to construct the PDE surface patch 2.

Substituting u = 1 into Equations (10)-(13), we obtain the first and second partial
derivatives of the PDE surface patch 3 at u = 0. They together with the curves Cyg — Ci
are used to construct the PDE surface patch 3.

3.2.1. PDE Surface Patch 1 Creation

The six curves C4 — Cg for Patch 1 areatu =0, u =02, u =04, u = 0.6, u = 0.8, and
u = 1. At these positions, the PDE surface patch 1 passes through the six curves, which
gives six equations for x component, y component, and z component.

For the middle PDE surface patch 1, we introduce the superscript P1 into Equations (3)—(5)
and change them into:

xP(u,v) = AL (u) + 2N, [ARY (u)cosno + BE} (u)sinnv]
yPH(u,0) = Ajg (u) + A [Af}l(u)sinnv + B;}(u)cosnv} (14)
2" (u,v) = ALj (u)

The middle PDE surface patch 1 is created from 6 curves C4 — Cy. The PDE surface
Patch 1 passes through the Curves C; — Cy, which gives the following equations.

ALL(0.2i) + X0, [ARL(0.2i)cosnv + BE}(0.2i)sinno]
= af(i)ﬂ + 2521 (‘1%;4 cosnv + bgfz+4sinnv)
A%(O.Zi) +¥YN [A% (0.2i)sinno + Bf,}(O.Zi)cosnv} -
= ”;6“ +X0 (ﬂ;"zﬂsinnv + byc,’f“cosnv)
APL(0.2i) = 5+
(i=0,1,23 4 5)

where the superscript “P1” indicates the first PDE surface patch.
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Although the values of the parametric variable u are taken to be uniform, i.e., u = 0.2i

(i=0,1, 2, 3, 4, 5), the values of ZE 4 can be arbitrary, i.e., uniform or nonuniform since
the function Azy(u) for the z component involves six undetermined constants to exactly
satisfy arbitrary variations defined by the six values of zcc"“.

The above Equation (15) can be changed into the following three groups of equations

. C;
APL(0.21) = agi*

(16)
(w=x,9,2i=0,1,2,3,4,5)
G
APL(0.21) = agi* a7
(w=xyi=01,2 3, 4 5)
, G
Bl (0.2i) = by, )

(w=ux1y,i=0,1,2,3,4,5)
For the PDE surface patch 1, we introduce the superscript P1 into Equations (6) and (8)

and obtain:
P10y — P14 Pl Pl 2 P13 5
Ao (1) = a5t + g0 11 + ag u* + agh s1u° + agg gt + agh su
(19)
(w=xy, z)
Pl P12\ out P12\ —qouu
Awn( ) = ( wnO +a wn ¥ + Apn U )e%n + ( +awn4u +awn5u )e qon

BE (u) = (boh, o + bwn (1 + bEL Su?)edont 4 (bp1 3+ bh IUES bl su?)efont (20)
(w=x,y;n=1,2,...,N)
Substituting Equation (19) into the above Equation (16), the first group of equations is
changed into below

| +0.041%al} ) +0.008ak) 5 +0.0016%a%} , +0.00032i%) 5 = alis*

w0

0+021a

w0,

(21)
(w=x,49,2i=0,1,2,34,5)

Substituting the first of Equation (20) into the above Equation (17), the second group
of equations is changed into below

aky, 1c0s0.4iqa, + afvlnllsino.éliqzn + al), 0% c050.2ig0, + ab), 1e04Nnsin0.2igy,

_07; . _ C
+aPl 670201 c050.2ig2, + all e =02 Nnsin0.2igp, = Az (22)

wn,5

(w=ux1y,i=0,1,2,3,4,5)

Substituting the second of Equation (32) into the above Equation (30), the third group
of equations is changed into below

P1

bPL cos0.4igo, + bwn 15110.4iq2, + bEY, e0211¢050.2iq2,, + bEY, 1e021nsin0. 22,

wn,0

+bh), e 02 c050.2iq2, + bl se™ 02 nsin0.2ig0, = byl Cita (23)

(w=xy,;n=1,2,...,Ni=0,1,2,3,4,5)

Solving Equation (21), we obtain the undetermined constants awo s (w = xyz

i=0,1,2, 3,4, 5). Solving Equation (22), we obtain the undetermined constants ”5}1,1'

w=xy,n=12, , N;i=0,1,2,3,4,5). Solving Equation (23), we obtain the un-
determined constants bP1 (w=xyzn=12 ...,N,i=0,1,2 3,4, 5). After

wn,i
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that, substituting ai%) (w=xy1=0,1,2 3,4, 5) into Equation (19), ‘15;11 ;and bg}l ;

(w=x,y;,n=1,2,...,N;i=0, 1, 2, 3, 4, 5) into Equation (20), and then substituting
Equations (19) and (20) into Equation (14), we obtain the PDE surface patch 1.

3.2.2. Creation of PDE Surface Patch 2

Two methods can be used to create the bottom PDE surface patch 2. The first method
uses the six curves C; — Cg to create the PDE surface patch 2, and the second method uses
the curves C; — C4 and the first and second partial derivatives of the PDE surface patch
1 at the curve Cy. For creation of the bottom PDE surface patch 2 from 6 curves C; — Cg,
the three curves C; — Cg are shared by both PDE surface Patches 1 and 2 to ensure C?
continuity on the curve Cj.

With the first method, we use afé, a;é, and azcé (i=1,2, 3,4, 5, 6) toreplace afé, a;é

andas) (j=4,5,6,7,8 9),andal3, (w=1x,y,zi=0,1,2 3 4,5),anda’?  and b2
(w=x,y,n=123 .., Ni=01,2, 3,4, 5) to replace “5;%),1' w =x9 z
i=0,1,2,3 4 5),andal, ;and b, (w=x,y; n=1,2,3,...,N;i=0,1,2, 3, 4,5)
Same as the above treatment, we obtain “5;%,1’ (w=x,v,2i=0,1,2,34,5), af{)%l,i and bg%u-.
With the obtained “5;%),1' (w=x,v,2i=0,1,2,3,4,5), afﬁl,i and bﬁ’i (w=x,y;
n=1,23...,N;i=0,1,2, 3,4, 5) we create the PDE surface patch 2 between
0.0 < u < 0.6, which achieves up to C? continuity with the PDE surface patch 1 at u = 0.6 of
the PDE surface patch 2, which is on the curve Cj.

With the second method, the PDE surface patch 2 shares the same first and second
partial derivatives with the PDE surface patch 1 on the curve C4, and the PDE surface
patch 2 passes through the curves C; — Cy4. According to these requirements, we obtain

the following equations:

0w (1,v) _ 9w’ (0,0)
ou - Ju
Pw(1,0) _ Pwl(00) (24)
u? - ou?
(w=xy,z)
wP?(i/3,0) = C;i(v)
(25)
(w=x,y21=0,1,2, 3)
where
xP2(u,v) = AR (u) + 2N, [AR2 (u)cosno + BE? (u)sinnv]
yP2(u,0) = A%(u) +¥YN, [Al;%(u)sinnv + B%(u)cosnv} (26)

2 (u,0) = AL (0)

The undetermined functions AP3(u) (w = x, y, z) and AF2 (1) and BRZ (u) (w = x, y;
n=1,2,3,..., N)involved in Equation (26) are determined by solving Equations (24)
and (25). The details of solving Equations (24) and (25) are given in Appendix B.

With the obtained ‘qu%),i (w=xy2i=0,1,2 3,4,5), aﬁ,i and bﬁ’i w=xy;
n=1273..,N;, i=0,1,2, 3, 4,5), we create the PDE surface patch 2 between
0.0 < u < 1.0 with Equation (26), which achieves up to C? continuity with the PDE

surface patch 1 at u = 1.0 of the PDE surface patch 2.
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3.2.3. Creation of PDE Surface Patch 3

With the same method as creating PDE surface patch 2, we can create PDE surface
patch 3, which can be written as the following equations.

xP3(u,v) = AR (u) + 2N, [AL3 (u)cosno + BLS (u)sinnv]
yP3(u,0) = Alng(u) +yN, [Aly)ﬁ(u)sinnv + B;,?(u)cosnv} (27)
zP3(u,v) = AL3(0)
4. Results
The above method and corresponding mathematical equations have been implemented
using C++. The implemented computer program consists of two parts. The first part deter-

mines the coefficients involved in Equation (1) by fitting it to cross section curves, and the
second part determines the undetermined coefficients asz (w=uxy,2zi=0,1,2,3,4,5)

andawnlandbg,}“(wzxy;nzlzs N1—012345)forthePDE
surface patch 1, ”woz (w=xy,2zi=20,1,2 3,4 5) and awm and bg%” (w = xy;
n =123 ..., NJi = 0,1, 2, 3, 4, 5) for the PDE surface patch 2, and asz
(w = xyzi= 0 1,2 3,4, 5)and ay and b>  (w = x,y; n =1, 2,3, ..., N;

i=0,1,2,3,4,5) for the PDE surface patch 3
Figure 5 gives an example of creating the parts of shoulder, body, left arm and leg with
the above obtained PDE surface patches.

Figure 5. The cross section curves and created human body parts.

Figure 6 shows the cross section curves of the human body and the reconstructed
human body in front and side views. The reconstructed and rendered human body models
show that our method can obtain smooth models without any manual operations to stitch
adjacent patches together.

In p ut Out put
Curves Proposed Method Surface Created & Render
= L
e —
e
_—
-
=
-
=

wl

|
}

Figure 6. The cross section curves of the human body and the created human body model in front
and side views using C? continues PDE method.
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Figure 7 shows smooth models of a vase, a horse belly, elephant front legs, and an
elephant nose generated from vertical or horizontal cross section curves by using the
method proposed in this paper.

(a) (b) ()

Figure 7. Surface shape generation from cross section curves by using the method proposed in this
paper. (a) a smooth vase model, (b) a horse belly model, (c) front leg and nose models of an elephant.

5. Conclusions

We have developed a PDE-based modelling method to create 3D models in this paper.
Fourier series have been used to define generalized elliptic curves which can approximate
ground-truth cross section curves with few coefficients and high accuracy. A vector-valued
sixth-order partial differential equation has been proposed to construct 3D models from
cross section curves and achieve C? continuity between two adjacent PDE surface patches.
The accurate closed form solution to the vector-valued sixth-order partial differential
equations has been derived, and the undetermined constants involved in the closed form
solution have been determined by interpolating cross section curves while keeping C?
continuity between two adjacent PDE surface patches. A number of examples have been
presented to demonstrate the application of the proposed method in creating 3D models
from cross section curves.

With the help of the physics-based analytical mathematical solution, a very com-
plicated cross section curve can be represented with few variables. Compared with the
polygon modeling, the proposed approach generates complicated and smooth surface
models with fewer design variables and requires less hardware storage. In comparison
with NURBS modeling, the proposed method has no continuous problem between dif-
ferent patches, which leads to the advantages of saving manual operations and reducing
geometric modelling workload and time.

Moreover, the presented examples show that our method is accurate and effective in
creating a 3D surface model from cross section curves. Because of fewer variables and ana-
lytical mathematical expression, the proposed approach is applicable to many applications
involving heavy calculations such as machine learning-based shape reconstruction and
computer animation and situations such as level of detail where different resolutions of a
geometric model are used for different visual requirements.
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The limitation of our method is additional processing of 3D models with more than
one branch. For this situation, 3D models are segmented into parts. Each part is created
with the method proposed in this paper. When two adjacent part models cannot be directly
connected together, a transition surface is created to connect the two adjacent part models
together. The transition surface is defined by two boundary curves respectively on the
adjacent part models and the continuity requirements on the two boundary curves. The
blending method proposed in [33] can be used to create the transition surface, which
smoothly connects the two adjacent part models together with C? continuity.

Our work opens up several directions for future work. The first direction is input
data processing. Although the method of reconstructing cross section curves from point
clouds is mentioned in Section 3, how to obtain reconstructed cross section curves has not
been discussed in this paper. In our following work, we will develop a new method to
reconstruct Fourier series-represented cross section curves from point clouds.

The second direction is to extend the proposed method to more modelling applications
of organic models and smooth man-made models. These organic models and smooth man-
made models include non-human animals such as horses, bell peppers, vases, mountain
contours, and streamlined aircrafts, trains and cars. We will investigate these modelling
applications in our following work.

This paper discusses 3D modelling based on cross section curves. Actually, the
method proposed in this paper can be extended to deal with spatial curves. In this case,
the position component z is also the function of the parametric variables u# and v. The
undetermined constants involved in the z component function can be determined with the
same method as the one used to determine the undetermined constants involved in the x
and y component functions.

Author Contributions: Conceptualization, L.Y. and H.E,; validation, S.B., H.F. and O.L.; writing—
original draft preparation, H.F. and L.Y.; writing—review and editing, H.F,, S.B., AL, ] M. and L.Y.;
visualization, H.F. and E.C.; supervision, A.I, L.Y,, .M. and ].J.Z.; funding acquisition, A.I, L.Y. and
J.J.Z. All authors have read and agreed to the published version of the manuscript.

Funding: This research is supported by the PDE-GIR project, which has received funding from the
European Union Horizon 2020 Research and Innovation Programme under the Marie Skodowska-
Curie grant agreement No 778035. Andres Iglesias also thanks the project TIN2017-89275-R funded
by MCIN/AEI/10.13039/501100011033 /FEDER “Una manera de hacer Europa”. And Haibin Fu is
grateful for a scholarship from the Rabin Ezra Scholarship Trust.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Conflicts of Interest: The authors declare that they have no conflict of interest.

Appendix A. Determination of the Undetermined Functions A
Substituting Equation (3) into Equation (2), we have

Ai%) (u) + ZnNzl {Aﬁ?} (u)cosnv + B(?sinnv} —an® ZnNzl[Axn(u)cosnv + Bxn(u)sinnv] =0 (Al)
Substituting Equation (4) into Equation (2), we have

A;g) (u) + 27:1 [Aé?) (u)cosnv + B;?q)sinnn] —an® 27]:]:1 [Ayn(u)cosnv + By, (u)sinnv] =0 (A2)
Substituting Equation (5) into Equation (2), we have

A w)y =0 (A3)


EM
Highlight


Mathematics 2022, 10, 319 14 of 20

The above Equations (A1)—(A3) can be rewritten as the following equations

A?(fg(u) =0 (w=xy, z) (A4)
Ag’z(u) — an6Awn(u) =0 (w=x,y,n=1,2,3,...,N) (A5)
BE) () — an®Byn(u) =0 (w=x,y;n=1,23,..., N) (A6)

The solution to the ordinary differential Equation (A4) is:
AwO(“) = Ayw0,0 + Awo,14 + ‘17110,2142 + {1100,3143 + ‘12410,4144 + aw(),Su5

(A7)
(w=x,y,2)

Substituting Ay, (1) = e™* into the ordinary differential Equation (A5), we obtain the
following characteristic equation:
rg —an® =0
When a > 0,
r=+n’Va

1,23 = nxé/ |ﬂ| = {qon
Gon = n4/|al (A8)

nase = —Ny/|al = —qon

From the obtained six roots 7,12 3456, the solution to the differential Equation (A5) is
obtained as:

For r3 = n%\/a, we have

where

For r3 = —n3/a, we have

Awn(”) = (awn,O + Ay + awn,Zuz)er"u + (awn,3 + Ayt + awn,5u2>eiqo”u

(A9)
(w=x,y,n=1,2,3 ..., N)
The same method is applied to Equation (A6) to obtain
Bwn(“) = (bwn,O + bwn,lu + bwn,ZuZ)eqonu + (bwn,3 + bwn,4u + bwn,SuZ)eiqonu
(A10)

(w=x,y,n=1,23,...,N)

rs = +n3\/—|a| = £in3/|a| (A11)

where i is the imaginary unit.
Cubic roots of the imaginary unit i are: 0.5(1/3 + i), 0.5(—+/3 + i), and —i. Substituting
them into Equation (A11), we obtain the following six roots.

From r3 = in3/]a], we obtain

Whena <0,

ra1 = n3/]a] x 0.5(v/3 +i) = 0.5n/]al(v/3 + 1) = g1, + qaui
2 = n¥/]a] x 0.5(=+v/3 +i) = 0.5n/|a[(—v3 +i) = —q1n + qoni (A12)
a3 = n/|a| x (—i) = —2qp,i



Mathematics 2022, 10, 319 15 of 20

where

q1n = 0.5v/3n¢/|a|
Gan = 0.5n/]a|
From r3 = —in®y/]a|, we obtain
o = —n¥/a] x 0.5(v/3 +i) = —0.5n/|a|(vV/3 +i) = —q1, — Goni
rus = —ny/]a] x 0.5(—=v3+i) = —=05n¢/|a|(—v3 +1i) = g1, — qoni

tne = —n/|a| x (—i) = 2q2,i

(A13)

From the obtained six roots 7,12 3456, the solution to the differential Equation (A5) is
obtained as:

Awn (1) = Ayn,00052q2nU + Ay 15iN2G2, U + Ay 26711 COSG2, U + Agpy 3eTHsING2, U
+Aypp a8~ N oSG + Ay 5e” T singo, U (A14)
(w=x,y;,n=1,23,...,N)
Using the same method to solve Equation (A6), we obtain

Buon (1t) = bypn,0€052q2, 1 + by 15in2G2,U + by 2€T11% c0sq2, U + by 3eT1nHsiNg2, U
+bynae” T cosgoutt + by se” N singo,u (A15)

(w=x,y;,n=1,2,3, ..., N)

Appendix B. Determination of the Undetermined Functions B

In order to determine the undetermined functions A3 (u) (w = x, y, z) and ALZ (u)
and Bg,%l(u) (w=ux,y;n=1,2,3,..., N), we first calculate the first and second partial
derivatives of the PDE surface patch 1 at u = 0, i.e., on the curve Cj.

Substituting Equations (14) and (26) into Equation (24), we obtain the following
equations describing the continuity of the first and second partial derivatives.

2a21) | N raam o 2a7b1) | N raan Py
7‘9"2( ) + ¥ {L“B’;(l)cosnv—&- 78375';(1)5111110] = 5"2( ) + ¥ PA“B’;“)cosnv—&- 78375';(1)5111110]
n=1 n=1
24P2(1) | N ra2ar2 () 92BP2 (1) P2alm | Norazakiq ?BIL (1) (Al6)
w0 wn wn 1 — wQ wn wn i
S + [ U C0SID + 4% smnv] S+ gl[ U C0SND + 5% smnv}
(w=1x,y,2)

Equalizing the coefficients of the constant terms, the cosnv terms, and the sinnv terms,
respectively, the above equations are changed into:

2AT3(1) _ 2A%h(1)

Ju Ju
PAR) _ PAR) (A17)
wmz T ou?

(w=x,y, z)



Mathematics 2022, 10, 319

16 of 20

9AG(1) _ 0Ag; (1)

Ju Ju
9B (1) _ 9BL(1)
ou - Ju
PAGQ) _ AL (A18)
ou? ou?
By (1) _ 9°Bg(1)
ouz  — ou?

(w=x,y,n=1,2,3...,N)

Introducing the superscript P1 into Equations (10) and (11) and setting u = 0, we
obtain the following equations:

aAi}%} (0) P1

Ju = 30,1 (w =XY, Z) (A19)
AL (0) _
au( L = zafuln,lq% + ﬂf,,i,/zqm + ”511,3‘1271 - ”514,4‘7”1 + “5;11,5‘7211
9BPL (0
au( = szlﬁt,l‘hn + bi}q,ﬂln + bzlz}q,s‘hn - bi}q,ﬂln + 55;}1,5‘1211 (A20)

(w=x,y,n=1,23,...,N)

Introducing the superscript P1 into Equations (12) and (13) and setting u = 0, we
obtain the following equations:

aZApl 0
%() =2ahh, (w=x,y,2) (A21)

AL (0) P12 Pl (2 g _ 2 u P1
azfl’zz = _4awn,0q2n + awn,Z (qlneqln - q2neq1n ) + zawﬂ,3q1”q2”+

Qo (07 = D) = 20303 50112
PBL(0) _
00 — —4pPl g3, + bEL 5 (a3, — a3, + 260 3q1aq20+ (A22)
bgi}i,ﬁl (q%n o q%n> - 2b531,5q1nq2n

(w=x,y,n=1,23, ..., N)

Introducing the superscript P2 into Equations (10) and (11) and setting u = 1, we
obtain the following equations:

IAR (L) P2 P2 P2 P2 P2
S = g0 T 2850, + 30503+ 4ay0 4 + 50,5

w0,
(w=1x,y, z)

(A23)

AR (1 .
5714() = _2”5%,057%51”2!1271 + 2(15]271,1[]2,16‘052[]2"4—

al2  (q1ueT" OS2 — Ganesingay )+

P2 :
ayr 3(G1ne77siNG2; + G2neT" OS2y ) —

P2
awn,4

P2 o B
uwn,S(_qlne qh'SInEIZn + qone ql”COqun)

P2
9By(1) —ZbPZ,Oansin2q2n + Zbﬁ,l%ncoqu"—i— (A24)

Ju wn

P2 n — ngy
bE2 5 (q1neTCosqay — GaneTsinga, )+

bgﬁs(qlne’?l"sinqzn + qaneTcosqgan ) —

(g1ne” T cosqoy + gone” Trsingy, )+

bf;i,z; (q1ne” T cosqon + gone” Trsingy, )+

P2 —1n i —q1,
b 5(—q1ne”Tsingay, + qane™ T cosqa, )

(w=x,y,n=1,23,...,N)
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Introducing the superscript P2 into Equations (12) and (13) and setting u = 1, we
obtain the following equations:

?Au0(1) _
ol = 2al5 ) + 6alg 5 + 12055 | +20ab5 5 (A25)
( =X y/ Z)
2 A P2 )
’ ‘Q’;;s“) = —4ab? 143,020, — 4al2 143, 51200, +

Ton, o2 (3,67 0820 — 21,0200 SiNG2n — 5,71 COSG2) +
wn S(qlneqln SIHqZH + qunq%eq]n €0Sq2n — q%;ieqlnSiani1)+
ab? ( 2 o=l +2 —1ngj — g2 e n +
wn,a\91n¢ €0Sq42n q1nq2n€ smgoy — q3,€ oSG2y

P2 (2 ,—qipei - > g
3505 (a7,€ "N SinG2n — 2q10q2ne ™" COSG2n — 43,6~ sinG2)

9Bl (1) P2 2 P2 2
a;ré = _4bwn,0q2n 05262y — 4bzv;1,1q2n51n2q2"+

(A26)

bi%l 5 (q%ne'hn c08q2n — 2q1nganeinsingy, — q%neﬂln 0sqan)+

Do 5 (7,€TSInG2 + 21002077 COSG2n — 3,€M7 i 25) +

bg%l 4 (q%ne*‘hn c08qan + 2q1ngone” Tnsingn, — q%ne*%; oSy )+

bP2 o (g2, e~ T singay, — 2015920 T COSG2, — 3,61 siN2,)
(w=x,y;n=1,2,3,...,N)
Substituting Equations (A19), (A21), (A23) and (A25) into Equation (A17), the follow-
ing equations are obtained.

wO | 2al5, +3ak5 5 + 4%0 45055 = 50%)1
Z“wo 5+ 6aw0 3+ 12aw0 4T 2042 w05 = Zawo 9 (A27)

(w=1x1v,2)

Substituting Equations (A20), (A22), (A24) and (A26) into Equation (A18), the follow-
ing equations are obtained.

wn 0q2n51n2q2n + Zuwn 192n COSZan
P2 .
+awn,2(q1neq1" €oSq2n — qz"e‘“" Slﬂqzn)
‘H’gfq,a (q1neMnsing, + goneTncosqay,)
P2 - _ .
7awn,4 (‘hne 1n €05q2n + q2ne Tn SZHQZH)
P2 — . _
+”an,5(7q1ne qlnszanW + gone Tin COSan)
— P1 P1 P1 P1 P1
- zawn,l Jon + Bon291n + Aon,392n — A 49 1n + Apn,592n
P2 2 P2 2 o
—4ay, 092,C05202n — 40z, 192,512 20
P2 2 .
a0 (fhne‘“” cosqon — 2q1nqaneTn singo,
2
7q2ng‘11n COSan) (A28)
+aP2 (g% eTnsing,, + 2 M cos
wn,3 T1n q2n q1nq2n q2n
2 ,
—{2,e"M" siN G20 )
'H’i%z 4 (3,67 M cosqay + 2q1q208 " M1 siNG2,
2 — .
— €1 C0Sq2n) + aly 5 (a3, € singzy
_ o .
—2q1nq2ne " ncOSq2y — q5,€” Tn Singay)
— P12 P1 2 u 2 u P1
- _4awn,0q2n + T2 (qlng’iln - qZ;leqM ) + zawn,SquqZH

+a£}}1,4 (q%n - q%n) - zaib,Sqlann
(w=x,y;n=1,2,3,...,N)
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—2b%7 0920511202, + 2657 1424C05G2,
+b5;%¢,2(‘11n3q1” oSGy — GaneTinsingoy,)
"’bf)%,a*(qmeql” singp,, + goneTncosgoy,)

_bfu% 4(q1ne™Mmcosqay, + qane”Mnsingay,)

652 5(—qine” Msingy, + qane”Tncosqy, )

= 2b0L  qon + bEY oq1n + BB 00 — L yq1n + BEL 500

—4bL2 (q5,0052q2, — 4bL2 143,522,
bg;%z 5 (93,617 c0Sq2y — 2q1,G2neT siNG2,
—g5,6Tcosqn) (A29)

P2 2 :
bwn 3(qlneq17l Slnqzn + qunqzneqlncosqzn

—q3,eTnsingay )
—|—bwn (g2 67 Tcosqo, + 291 ,G2ne~ Tnsinga,
—q5,e" Tncosqoy) + bf;%ﬁ(‘ﬁne_ql”sm%n
—2q1n20€ 111 COSq2, — 43,6~ TInsingy, )
—4byy 085, + Digyy o (7,77 — 5,7 ) + 2b3 ) 312
bg;}q 47, —45,) — 2b531,5‘71nqzn
(w=x,y;n=1,2,3,...,N)

Substituting Equation (26) into Equation (25), the four equations in Equation (25) are
changed into the following ones:

A2(i/3) + g} [AP2(i/3)cosnv + BL2(i/3)sinnv]

C; .
= ax(’)“ + Z (ax’“cosnv + by sinno)

A§§(i/3) + Z [APZ(i /3)sinno + By (i /3)605,17,} (A30)

=a, ’“ + Z (ay’“smnv + b;:;'l“cosnv)
Afg(z/3) =254 (i1=0, 1,2, 3)
The above Equation (A30) can be changed into the following three groups of equations

APZ i/3) = acz+1
(w=ux,y,2i=0,1,2,3)
AT (1/3) = a5
(w=x,y,1=0,1,2,3n=1,2,3,...,N)

(A32)

Ci
Bl (i/3) = by,
(w=x,,i1=0,1,2,3n=1,2,3,..., N)

(A33)

C; C; .
where a_j"' =z, (i=0, 1, 2, 3).
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Following the same method used to obtain Equations (21)—~(23), we obtain the following
equations from Equations (A31)—(A33).
G0 +iabe /3 +i2al . /9 + Pall 5 /27 +italy /81 + iPall 5 /243 = oSt

(w=x,9,2,i=0,1, 2, 3)

(A34)

i . P2 i1y “72n i1y .
wn 0605216]2”/3 + awn 18in2iqa, /3 + awn ,e73 cosig, /3 + Ay s€ 3 sin=g"* + awn 4€ 73 cosiga, /3

o i i (A35)

+a gf,Se Tsmzqzy,/3:awn
(w=x,,i=0,1,2,31n=1,2,3,...,N)

1, 1, 41y .
15in2iq2, /3 + bE2 e 3" cosiqa, /3 + bE2 se 3" sin“Br + bE2 e~ 73" cosigy, /3

g Cipn (A36)

+b£n 5¢ Tsmlqzn/S = by

bP2 \cos2iqa, /3 + bP?

wn, wn,

(w=x,1i=0,1,2,3n=1,2,3,...,N)

Solving the six equations in Equations (A27) and (A34), we determine the six un-
determined constants ai%l (w = xyz i=20,1,2, 3,4 5). Solving the six equa—
tions in Equatlons (A28) and (A35), we determine the six undetermined constants awn ;
(w=xy,n=123 ...,N,i=0,1,2, 3,4, 5). Solving the six equations in
Equations (A29) and (A36), then we determine the six undetermined constants bg;i ;
(w=xy;,n=1,2,3...,N;i=0,1,2,3,4,5).
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